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m n K

f :

 bk =
n∑

i=0

n∑
j=i

λijk aiaj

with k = 1..m, a0 = 1

n = m = 1¤£ ¡¢K = N N

§̈ ¥¦K = GF (q)



K

K = GF (2)

;
0 = x ∨ y ∨ z

1 = ¬t


0 = xyz + xy + yz + xz + x + y + z

1 = 1 + t

;

¦ yij = xixj

¦ 0 = yij − xixj

Case m > n2

2 :

• yij = xixj

• m m

Case m = εn2

2 : nO(1/
√

ε)

Case m ≈ n:



n

n

n > 100

¦
¦

¦

K K = GF (q) q q = pα

∃ GF (qn) = K[X]/P (X)

P n K

GF (qn) ≡ Kn n K

x ∈ GF (qn) (x1, . . . , xn)

K[X] P

f : Kn → Kn

¦
¦ n n K



b = f(a) = aqs
bi = fi(a1, . . . , an) K

f(a) =
∑

aqs+qt
fi

GF (2)

b = f(a) = a + a3 + a5 =

(a2X2 + a1X + a0) + (a2X2 + a1X + a0)3 + (a2X2 + a1X +

a0)5 mod X3 + X2 + 1 =

(a2+a2a1+a2a0+a1)X2+(a2a1+a1a0+a2)X+(a0+a2+a1a0+a2a0)
b2 = a2 + a2a1 + a2a0 + a1

b1 = a2a1 + a1a0 + a2

b0 = a0 + a2 + a1a0 + a2a0

f(a) =
∑

qs+qt≤d

γst aqs+qt

• n

f :
{

bi = fi(a1, . . . , an)
}

i=1..n

• f

S T

g = T ◦ f ◦ S

g : x
S

7→ a
f

7→ b
T

7→ y



Slide 13

¤£ ¡¢ n

g :
{

yi = gi(x1, . . . , xn)
}

i=1..n¤£ ¡¢ T S f

f

g−1

x
S−1

←− a
f−1

←− b
T−1

←− y

g¤£ ¡¢ g y¤£ ¡¢ x

Kn g

6=¤£ ¡¢ ∃¤£ ¡¢



S T

f ∃ qn/2

f 99% d << qn − 1

g f

G F

g(x) =

n−1∑
i=0

n−1∑
j=i

Gij xqi+qj

G n F r = log d

T−1 ◦ g
?
= f ◦ S

f ◦ S

G′ = WGW t r

T−1 ◦ g =
∑n−1

k=0
tkG∗k G∗k

gqk

T

T−1 ◦ g

tk ∈ Kn

Rank(

n−1∑
k=0

tkG∗k) = r



(n, n, m, r, K)

m n× n K M1, . . . Mm

α Mi ≤ r

Rank(
∑

i

αiMi) ≤ r.

• n(n− r)

r(n− r) Kn

2152

280

•
(r + 1) (r + 1)

297



• D∗

•
•

•
• C∗ [C]

• D∗ C∗−

•

g

¦
x g(x)

¦

(xi)

xi = 0 1 ¤£ ¡¢



Gj xi g

Gj = 0

x

Gj xi

¤£ ¡¢
Gj xi

Gj¤£ ¡¢
Gj = 0 xi

¦
¦

¦ 840

1 + x + y + x2y + xy2 + x3y + x2y2

262 390



}

WF = n3 log d

d

d = nO(1)

WF = nO(log n)

WF = eO(log2 n)

¦
elog2n

¦ n ≥ 127 d > 96

¦
−

¦



f n

§̈ ¥¦σ = f−1( H(m) )

2n/2

m1, . . . , m2n/2

2n/2 f(σj) σj

(i, j)

f(σj) = H(mi)

80 240

H1 H2

§̈ ¥¦σ = f−1
(

H1(m) + f−1
[
H2(m) + f−1(H1(m))

] )
80

;

;

;



= 1024 + 256 + 128

•
•
•

•



•

•

•

m n× n

GF (q) M1, . . . , Mm

α ∈ GF (q)n M =
∑

αi ·Mi

r < n

2122

K = GF (65521) n = 7 m = 7 r = 5

10 7× 7



• S T

• n× n X

• β1 Mi

N1 =
∑

β1i ·Mi

M N2 = M + N1

N2 =
∑

β2i ·Mi

(TN2S + X)− (TN1S + X) = T (N2 −N1)S = TMS.

−−−−−−−−−−−−−−−−−−−−→
H(X), H(TN1S + X), H(TN2S + X), H(S, T )

←−−−−−−−−−−−−−−−−−−−−
q ∈ {0, 1, 2}

q = 0

−−−−−−−−−−−−−−−−−−−−→
(TN1S + X), (TN2S + X)

q = 1, 2

−−−−−−−−−−−−−−−−−−−−→
S, T, βq, X


